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Abstract  In solid phase the pressure correlates to the elastic related volume change 
while the temperature to the thermal related volume change.  These volume changes are 
not compatible with the exception of constant volume condition when the expanded 
volume converts completely compressed volume.  Separating the thermal and elastic 
related volume changes the work functions for each of the thermodynamic conditions are 
derived.  Based on theoretical consideration it is suggested that the thermal related 
volume change do not result mechanical work.  Homogeneous model, both the system 
and the surrounding have the same phase, can completely explain the lack of the thermal 
related work and provide a self-consistent thermodynamic description for the elastic 
solids. 
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1 Introduction 
 
Historically the thermodynamic behavior of gas phase had been described first.  The 
thermodynamic state of an ideal gas phase can be completely described by the equation 
of state (EOS) 
pVnRT =  (1)
and by the first law of thermodynamics.  
pdVdTncwqdU V −=δ+δ=  (2)
In these equations n represents the number of moles, T is the absolute temperature, p is 
the pressure, V is the volume, R is the universal gas constant, U is the internal energy, q 
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is the thermal energy, w is the mechanical energy, and Vc is the molar heat capacity at 
constant volume.  The phase transformation changes the physical properties of the 
substance.  The thermodynamic relationships derived for gas phase have to be modified 
for solids. 
Contrarily to gas phase no direct relationship between the pressure and the 
temperature is known in solid phase.  The relationship between the temperature and the 
volume is characterized by the volume coefficient of expansion [ pVα ]: 
p
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while the correlation between the pressure and the volume is described by the isothermal 
bulk modulus ]K[ T : 
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∂−=  (4)
It is assumed that the solid is homogeneous, isotropic, non-viscous and that the elasticity 
is linear.  It is also assumed that the stresses are isotropic; therefore, the principal stresses 
can be identified as the pressure 321p σ=σ=σ= .  In this text, the word solid will be 
used for materials complying with these criteria.  In all of the calculations it will be 
assumed that the volume coefficient of expansion and the bulk modulus are constant.  
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(5)
If this assumption can not be satisfied then first and higher order derivates of the volume 
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coefficient of expansion and the bulk modulus has to be taken into consideration. 
Contemporary thermodynamics assumes that beside the volume coefficient of 
expansion and the bulk modulus no additional adjustment to the gas equations is required 
and that the expression of the first law of thermodynamics can be used in the same form 
for solids as for gasses.  It has been shown that using the contemporary description of 
elastic solids results path dependency for the internal energy of a system [1].  The sate 
function character of the internal energy cannot be challenged indicating that the current 
thermodynamic description of elastic solids is incomplete and/or incorrect.  In this study 
the work function part of equation (2) will be considered in detail for solid phase.  The 
thermal energy part of the equation will be discussed in a separate paper which will 
include the heat capacities and all the state functions. 
Employing the equations of the volume coefficient of expansion and the bulk 
modulus the actual or total volume of a system can be calculated in two steps by allowing 
one of the variables to change while the other one held constant (Fig. 1).  
( ) ∫= = =α=
T
0T 0pV
dT
00pT eVV  or  
( ) dpK100Tp
p
0p 0TeVV
∫= = =−=  (6)
and then 
( ) ( ) ∫= = α=
T
0T pV
dT
0TppT
eVV
 or    
( ) ( ) dpK10pTTp
p
0p TeVV ∫= = −=  (7)
where 0V  is the volume at zero pressure and temperature.  These two steps might be 
combined into one and the volume at a given p, and T can be calculated:  
dp
K
1dT
0T,p
p
0p T
T
0T pVeVV
∫∫= == −α  (8)
It has been shown that neither the pressure nor the temperature correlates to the 
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actual volume [2] but rather to the elastic and thermal related volume changes 
respectively.  
)0T(
elastic
p )V(fp =∆=   and  )0p(thermalT )V(fT =∆= . (9)
The actual volume comprises the initial volume ( )0V , the elastic and the thermal 
related volume changes. 
thermal
T,p
elastic
T,p0T,p VVVVV ∆+∆+== . (10)
The elastic and thermal related volume changes are independent of each other since 
either of these volumes can be held constant while the other can still change.  
( )[ ])0p(thermalTlink)0T(elasticp Vf)V( == ∆≠∆ . (11)
The non-interchangeable nature of the thermal and elastic related volume results that 
the work function [Eq. (2)] must be modified and written in a more rigorous way.  
elasticelastic pdV)s(w −=δ    and   thermalthermal pdV)s(w −=δ  (12)
where (s) is used for solid.  The differentials of the volumes can be calculated from 
equations (3) and (4).  
( ) ( ) dp
K
VdV
T
T
T
elastic
V/p −=   and  ( ) ( ) dTVdV pVpthermalT pα=  (13)
The differential of the work is then the sum of the differentials of the elastic and the 
thermal related work.  
elasticthermal )s(w)s(w)s(w δ+δ=δ  (14)
The system is capable to do mechanical work under different conditions; therefore, 
the differential of the work should be written as :  
∑∑ δ+δ=δ elasticthermal )s(w)s(w)s(w  (15)
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The thermal and elastic work functions for each of the thermodynamic conditions 
will be derived below. 
 
 
2  Thermal work 
If the temperature is constant then thermal related volume change is zero.  The zero 
thermal related volume change results no work.  
( ) 0dV
T
thermal
V/p ≡   and [ ] ( ) 0dVp)s(w TthermalV/pTthermalV/p =−=δ  (16)
At zero pressure no mechanical work can be produced.  Increasing the temperature at 
zero pressure will not result mechanical work either.  
[ ] ( ) 0dVp)s(w 0pthermalT0pthermalT =−=δ ==  (17)
Any thermodynamic conditions can be reached by increasing the temperature at zero 
pressure and then applying pressure at constant temperature.  
( )[ ]0pTT0T1step ==⇒=   and   ( )[ ]ttanconsTpp0p2step ==⇒=  (18)
Since neither of these thermodynamic processes produces mechanical work the thermal 
related work should remain zero between any conditions.  Despite this conclusion 
substituting equation (13) into equation (12) indicates the existence of thermal work.  
[ ] ( ) VdTpdVp)s(w
pVp
thermal
Tp
thermal
T α−=−=δ  (19)
Factorizing the volume and integrating the equation gives the work done by/on the 
system between the initial and final conditions. 
[ ] ∫∫ α−α− ∫α−=∫∫α−=∆ === f
i
pV
p
0p T
p
f
i
T
0T pV
p
0p T
p
T
T
TdpK
1
0V
T
T
dTdpK
1
0Vp
thermal
T dTeeVpdTeeVp)s(w  (20)
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1
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1eVp)s(w αα
−α− −∫−=



α
∫α−=∆⇒ ==  
[ ] [ ]1eeepV)s(w )TT(TdpK10pthermalT ifpVipVp 0p T −∫−=∆⇒ −αα−=  
In equation (20) the non zero thermal related work is in discrepancy with equations 
(16)-(17).  If equation (20) is correct then the internal energy of the system becomes path 
dependent1.  The path dependency of the internal energy would violate the conservation 
law of energy.  The conservation law of energy is one of the fundamental principles of 
physics and has never been shown to be inexact.  The contradiction with this basic 
principle indicates that equation (20) must be incorrect. 
The lack of thermal related work can be explained by a homogenous phase model.  
In this model the system and the surrounding have the same phase.  Constant pressure or 
volume in this solid-solid system can be maintained by applying constrains on the 
temperature of the surrounding.  Maintaining the same temperature between the system 
and the surrounding will result constant pressure.  The identical temperature between the 
system and surrounding results synchronized expansion with no thermal related 
mechanical work when temperature is changed.  The constant volume of the system can 
be maintained by fixing the temperature of the surrounding.  If the temperature remains 
the same then the volume of the surrounding would not change.  Ideal conditions are 
assumed and the developing additional pressure in the system should not deform the 
surrounding. 
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3  Elastic work 
3.1  Constant temperature 
It has been shown that the thermal related work is always zero.  The differential of the 
work [Eq. (12)-(15)] contains only the elastic work; therefore, the superscript elastic will 
be omitted.  
elastic)s(w)s(w δ=δ  (21)
The isothermal work change can be calculated as:  
[ ] ( )
T
elastic
V/pT
dVp)s(w −=δ  (22)
Substituting equation (13) into equation (12) gives :  
[ ] ( ) pdp
K
V
)s(w
T
Tp
T
=δ . (23)
Using equation (6)-(8) ( )
Tp
V  can be written as:  
( ) ( ) ∫∫=∫= === −αα=
p
0p T
T
0T pV
T
0T pV
dp
K
1
dT
0
dT
0pTTp
eeVeVV  (24)
Substituting the factorized volume expression into equation (23) and integrating between 
the initial and final conditions the work done by or on the system between these states 
can be determined.  
[ ] ∫ ∫∫=∆ == −
α
f
i
p
0p T
T
0T pV p
p
dp
K
1
T
dT
0
Tp
dppe
K
eV)s(w  (25)
The work between the initial and final conditions is [3] :  
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Rearranging the terms in (26), it gives:  
[ ] ( ) ( )



 +−+∫=∆ −−α= T
f
T
iT
0T pV K
p
fT
K
p
iT
dT
0Tp
epKepKeV)s(w  (27)
Using [Eq. (6)-(8)] the initial and final volumes are:  
∫∫= == −α
ip
0p T
T
0T pV
dp
K
1
dT
0i eeVV   and  
∫∫= == −α
fp
0p T
T
0T pV
dp
K
1
dT
0f eeVV   (28)
Then substituting these volumes into (27), it gives:  
[ ] ( ) ( )fTfiTiTV/p pKVpKV)s(w +−+=∆  (29)
The function between the pressure and the volume at constant temperature allows 
determining the work from either the volume changes or the pressure changes.  
( ) ( ) ( )( ) 


−=⇔=≡
=
−
=
T0p
T
T
K
p
T0pTp V
VlnKpeVVV T  (30)
Using the volume as a variable the infinitesimal isothermal solid work change in [Eq. 
(12)] becomes:  
[ ] ( )( ) ( )Telastic
T0p
T
TTV
dV
V
VlnK)s(w



=δ
=
 (31)
The work between the initial and final conditions can be determined by integrating 
equation (31).  
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[ ] ( )( ) ( ) ( ) ∫∫ == =


=∆ f
i
f
i
x
xT0pT
V
V T
elastic
T0p
T
TTV
xdxlnVKdV
V
VlnK)s(w  (32)
where the dimensionless variable x is defined as:  
( )( )
T0p
T
V
Vx
=
=  (33)
Performing the integration [Eq. (32)], it gives:  
[ ] ( ) [ ] ( ) ( ) 


 −+−=−=∆
==
= fi
T0p
i
i
T0p
f
fT
x
xT0pTTV
VV
V
VlnV
V
VlnVKxxlnxVK)s(w f
i
 (34)
Using (28) and substituting into (34), it gives :  
[ ] 

 −++−=∆ fi
T
ii
T
ff
TTV/p
VV
K
Vp
K
VpK)s(w  
[ ] ( ) ( )fTfiTiTV/p pKVpKV)s(w +−+=∆⇒  
(35)
This is exactly the equation (29).  The equivalency between equation (29) and (35) is 
proof of that the function between the pressure and compressed volume allows using 
explicitly either the pressure or the compressed volume to determine the mechanical 
work.  The total elastic work of the system at constant temperature can be calculated from 
the volume by using equation (34) 
[ ] ( ) ( ) 




 +



 −=∆ =
=
T0p
T0p
TT
total
V V1V
VlnVK)s(w  (36)
or from the pressure by using equation (27) 
[ ] ( )



 +−∫=∆ −α= T
T
0T pV K
p
TT
dT
0T
total
p epKKeV)s(w  (37)
In equations (36) and (37) it was assumed that 
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( )
T0pi
VV ==  , fVV =   and  0pi = , ppf =  (38)
 
3.2. Constant pressure 
When the volume expands at constant pressure the expanded part of the volume is 
compressed by the existing pressure.  This compressed part of the expanded volume (Fig. 
1) results mechanical work, which will be approximated as:  
[ ] ( )pelasticTpT dVp21)s(w −≈δ  (39)
Integrating the work between the initial and final conditions gives the mechanical energy 
resulting from the expansion.  
[ ] ( ) ( )pelasticTTT pelasticTpT V2pdV2p)s(w fi ∆∆−=−≈∆ ∫ . (40)
where if TTT −=∆ .  The expansion at zero pressure is 
( ) 


 −∫∫=∆ αα=∆ = 1eeVV
fT
iT p
V
Ti
0T pV
dTdT
00p
thermal
T  (41)
The compressed part of this expansion at pressure p is 
( ) ( ) 


 −∫


 −∫∫=


 −∫∆=∆ === −αα−=∆∆ 1e1eeV1eVV
p
0p T
fT
iT
pV
Ti
0T pV
p
0p T
dp
K
1
dTdT
0
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K
1
0p
thermal
Tp
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T  (42)
The work resulting from this expansion is 
[ ] 


 −∫


 −∫∫−≈∆ == −αα 1e1ee
2
pV)s(w
p
0p T
fT
iT p
V
Ti
0T pV
dp
K
1
dTdT0
pT
. (43)
Calculating the work as the area of a triangle assumes that the pressure linearly correlates 
to the compressed volume.  The bulk modulus defines the pressure volume relationship a 
slightly different way by assuming linearity between the pressure and the strain [Eq. (4)].  
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Using the relationship given by the bulk modulus the total work at a given pressure and 
temperature can be determined from equation (37).  Calculating the total work for the 
same pressure at different temperatures and deducting one from the other gives the work 
done between the initial and final temperatures.  
[ ] [ ] [ ]
ifif T,p
total
T,p
total
pTTT
)s(w)s(w)s(w ∆−∆=∆ −=∆  (44)
Using the initial and final temperature in equation (44) gives the precise value of the 
work done at constant pressure.  
[ ] ( )
( ) 


 −∫



 +−∫=



 ∫−∫



 +−=∆
α−α
αα−
∆
=
==
1eepKKeV
eeepKKV)s(w
fT
iT p
V
T
iT
0T pV
iT
0T pV
fT
0T pVT
dTK
p
TT
dT
0
dTdTK
p
TT0pT
 (45)
The difference between equation (43) and (45) are minor but the theoretically correct 
solution is given by equation (45). 
3.3.  Constant volume   
At constant volume the volume increase caused by the thermal expansion has to be 
canceled by the volume decrease resulting from the compression.  
∫∫=∫∫= ==== α−α−
Tf
0T pV
fp
0p T
iT
0T pV
ip
0p T
dTdpK
1
0
dTdpK
1
0 eeVeeVV  (46)
The work will be calculated in two steps by using the previously derived work 
functions for constant pressure and for constant temperature.  First at constant pressure 
the volume will be allowed to expand or contract while the temperature is increased or 
decreased respectively.  The work done during this expansion or contraction part 
[ ]
p
elastic
T)s(w∆  can be calculated by using equation (45).  
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[ ] ( ) 


 ∫−∫



 +−=∆ == αα−
iT
0T pV
fT
0T pVT
dTdTK
p
TT0pT
eeepKKV)s(w  (47)
In step two the pressure will be changed until the volume reaches its original size.  The 
expended or contracted volume can be calculated as:  
( ) 


 −∫∫∫=∆ αα−− == 1eeeVV
fT
iT
V
iT
0T V
ip
0p T
ifi
dTdTdpK
1
0pTT  (48)
The initial volume [ ( )TiV ] at pressure ip is then 
( ) 


 −∫∫∫+∫∫=∆+= αα−α−− ==== 1eeeVeeVVVV
fT
iT
V
iT
0T V
ip
0p T
iT
0T V
ip
0p T
ifi
dTdTdpK
1
0
dTdpK
1
0pTTi
 
∫∫= == α−
fT
0T V
ip
0p T
dTdpK
1
0i eeVV  
(49)
while the final volume [ ( )TfV ] at pressure fp is equal with the original volume.  
Substituting the initial and final volumes into equation (36) and simplifying the equation 
gives the compression work:  
[ ]






 +−


 +∫=






 +−


 +∫∫∫=∆
α
αα− ==
T
f
T
i
dT
T
T
f
T
i
dTdTdpK
1
0TTV/p
K
p1
K
p1eVK
K
p1
K
p1eeeVK)s(w
fT
iT p
V
fT
iT p
V
iT
0T pV
ip
0p T
 (50)
where the final pressure can be calculated as :  
( ) ∫ α+=∫−=∆+−= α−
F
i
pfT
iT p
V
ifi
T
T VTidT
Ti
pTT
Tif dTKp
e
1lnKp
VV
VlnKpp  (51)
Substituting the final pressure into equation (50) gives :  
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[ ] ( ) 








 −α++−

 +∫=∆ αα−
T
ifTVi
T
i
dT
T
TK
p
0TV/p K
TTKp
1
K
p1eKeeV)s(w p
fT
iT p
VipVT
i
 (52)
Adding the expansion and the compression part of the work gives the work done on or by 
the system at constant volume.  
[ ] ( )
( ) 


 ∫−∫



 +−+








 −α++−

 +∫=∆
== αα
−
αα−
iT
0T pV
fT
0T pVT
p
fT
iT p
VipVT
i
dTdTK
p
TT0
T
ifTVi
T
i
dT
T
TK
p
0VT
eeepKKV
K
TTKp
1
K
p1eKeeV)s(w
 (53)
Rearranging and simplifying equation (53), it remains :  
[ ] ( )



 −α−−∫=∆ −αα ifK
p
V
dTT
0TVT
TTe1eeVK)s(w T
i
p
fT
iT p
VipV  (54)
 
4  Conclusions 
Based on theoretical considerations it is suggested that in solid phase only the elastic 
related volume changes do work.  The existence of purely elastic work can be explained 
by a homogeneous solid-solid model.  The equations describing the elastic work of solid 
systems had been derived for each of the thermodynamic conditions. 
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Fig. 1.  Schematic figure of the volume changes caused by the pressure and the 
temperature.  The analytical description of the different volumes is given in the text with 
the exceptions of the thermal volume at zero pressure ( ) 0pthermalTV =∆ , the elastic volume at 
zero temperature ( )
0T
elastic
pV =∆ and the elastic part of the thermal volume ( )pelasticTV∆ , which 
are given here: ( ) 


 −∫=∆ = −= 1eVV
p
0p TK
dp
00T
elastic
p ; ( ) 


 −∫=∆ = α= 1eVV
T
0T V
dT
00p
thermal
T , and 
( ) 


 −∫


 −∫=∆ == α− 1e1eVV
T
0T V
p
0p T
dTK
dp
0p
elastic
T . 
